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This paper shows that the recognition problem on circular-arc graphs which can 
be partitioned into two cliques is reducible to the recognition problem on two- 
dimensional partial orders. This can be used to simplify the recognition algorithm 
for circular-arc graphs devised by Tucker. 0 1988 Academic PXSS. IIIC. 
Tucker’s algorithm for recognizing circular-arc graphs [Tl] divides the 
problem into two cases, one of which is the case where the vertices of the 
graph can be divided into two cliques. Using the reduction described in this 
paper, this case can be changed into a recognition problem for two-dimen- 
sional partial orders. Algorithms for recognizing two-dimensional partial 
orders are described in [PEL, Gol, Sp, SV]. 
Circular-arc graphs in which the verticles can be partitioned into two 
cliques have also been studied by Trotter and Moore [TM], where the 
forbidden subgraphs of these graphs are characterized, and by Tucker 
[T2], who deals with the special case of proper circular-arc graphs. 
TERMINOLOGY 
A graph is a circular-arc graph if the vertices can be put in l-l 
correspondence with a set of arcs on a circle such that two distinct vertices 
are adjacent if and only if their associated arcs intersect. Circular-arc 
graphs have been studied extensively; see e.g., [Ga, Hu, Sta, Sto, Tl, T2, 
TM]. 
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A directed graph is a two-dimensional partial order if there is a pair of 
permutations of the vertex set with the property that if vertex a has an edge 
to vertex b, then a precedes b in both permutations, while if a and b are not 
adjacent, a must precede b in one permutation while b precedes a in the 
other. 
A clique is a set of vertices which form a complete induced subgraph. 
Vertex x of a graph is contained in vertex y if and only if x is adjacent to 
.v, and every vertex in V- (y} which is adjacent to x is also adjacent to y 
(the term comes from the fact that if G is a circular-arc graph, there will 
always be a circular-arc representation in which the arc corresponding to y 
contains the arc which corresponds to x). 
For a pair of vertices x, y in a graph, we say that x and y meet on both 
sides if x and y are adjacent, and every vertex which is not adjacent to x is 
contained in y (here, the name comes from the fact that there will be a cir- 
cular-arc representation in which the union of the arcs corresponding to x 
and y is the entire circle). An alternative characterization which makes the 
symmetry of the relation more obvious is that x and y meet on both sides if 
and only if x and y are adjacent, there is no vertex z which is nonadjacent 
to both x and y, and the edge (x, v) is not contained in any induced cycle 
of length four. 
In Fig. 1, x contains u, W, and y, while x and z meet on both sides. 
THE REDUCTION 
Let G be a graph in which the vertices can be partitioned into two 
cliques (an equivalent restriction is that the complement of G is bipartite). 
Let C, and C, be a pair of cliques which partition the vertex set. 
302 JEREMY SPINRAD 
The following set of rules can be used to transform G into a directed 
graph G’. This transformation will be called a C,, C, reduction of G. 
(1) Eliminate any vertex x such that x is adjacent to every vertex in 
V- (x}. If there is any set of vertices from the same clique which are 
adjacent to identical sets of vertices from the other clique, remove all but 
one vertex of this set from the graph. 
(2) Let (x, Y) b e any ordered pair of vertices from C,. Add a directed 
edge from x to y if and only if y is contained in x. 
(3) Let (x, y) be any ordered pair of vertices in C,. Add a directed 
edge from x to y if and only if x is contained in y. 
(4) Let x be a vertex from C, and y be a vertex from C,. Add an edge 
from y to x if and only if x and y are not adjacent in G. Add an edge from 
x to y if and only if y and x meet on both sides. 
THEOREM 1. Let G’ be the result of a C,, C2 reduction of G. G’ is a two- 
dimensional partial order if and only if G is a circular-arc graph. 
Theorem 1 allows us to use the techniques described in [SV, Gol] to 
determine whether a graph is a circular-arc graph with clique cover 
number 2. This reduction can be done in O(n3) time, where n = 1 VI. While 
this is the same time complexity as Tucker’s algorithm, this method seems 
to be much simpler. The remainder of the paper is devoted to a proof of 
Theorem 1. 
We reserve the symbols p1 and pz for the top point of the circle and the 
bottom point of the circle, respectively, and the symbols A and B for the 
left half-circle and the right half-circle, respectively. A and B will always be 
thought of as ordered upwards, from p2 to p,. 
LEMMA 1. Let G’ be the result of a C,, C, reduction of G. If G’ is a two- 
dimensional partial order, then G is a circular-arc graph. 
ProoJ: Suppose that G’ is a two-dimensional partial order represented 
by the lists L,, Lz. We can use the two lists to create a circular-arc 
representation of G. In A, place endpoints of the arcs in the order of L, ; in 
B, place endpoints of the arcs in the order of Lz. Make each arc 
representing a vertex in Ci (i = 1, 2) pass through pi. Now every pair of 
arcs representing vertices from the same Ci intersects. Arcs representing a 
vertex x in C, and a vertex y in C, are disjoint if and only if y precedes x in 
both A and B. This is the case if and only if G’ has a directed edge from y 
to x, which occurs if and only if x and y are not adjacent in G. Finally, it is 
easy to add arcs representing the vertices of G that have been eliminated in 
Step 1 of the C,, C, reduction. 1 
CIRCULAR-ARC GRAPHS 303 
Suppose that G is a circular-arc graph, and the vertices can be par- 
titioned into two cliques. Tucker proved in [Tl] that there are two points 
pi, p2 on the circle such that every arc contains at least one of {pl, p2}. 
This does not necessarily prove that any two cliques which partition the 
vertex set must have common points, as the counterexample of Fig. 2 
shows for the cliques C, = { 1,2, 3}, Cz = {4,5,6}. 
We will prove that G’ is a two-dimensional partial order in two stages. 
In Lemma 2, we show that there is some representation of G on the 
circle such that every arc in C, passes through pl, and every arc in Cz 
passes through p2. In Lemma 3, we map the endpoints of a circular-arc 
representation in this form to two lists such that the two lists form a 
two-dimensional representation of G’. 
LEMMA 2. Let G be a circular-arc graph such that the vertices of G can 
be partitioned into two cliques C, and Cz. There is a circular-arc represen- 
tation of G such that every vertex of C, passes through a point pi, and every 
vertex of C, passes through a point pi. 
Proof: Tucker’s result allows us to assume that each arc in the 
representation of G contains at least one of p1 and p2 ; this representation is 
easily converted into one where each arc contains precisely one of (p 1, p2}. 
If some arc in the original representation contains both p1 and p2, then it 
must contain A or B. Say it contains A; now its endpoints are both in B. 
Move the endpoint that is closer to p1 counterclockwise until it just passes 
p1 without passing any endpoints in A. The resulting shorter arc contains 
p2 but not pl, and it intersects the same arcs as the longer arc. 
Now let C, (i= 1, 2; j= 1, 2) be those vertices in Cj whose arcs pass 
Cl = {1,2,3) Cz = {4,5,6) 
FIG. 2. C’, = { 1, 2, 3}, C, = {4, 5, 6). 
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through pj. For example, in Fig. 2, C,, = (11, C,, = (2, 3}, Cz, = (4, 5}, 
and C,, = { 6). Since each arc in the representation has one endpoint in A 
and the other endpoint in B, the sets C,,, C,,, Cz,, C,, are pairwise 
disjoint. 
In the new representation, each arc will still have one endpoint in A and 
the other endpoint in B. In A, we place first the endpoints of (arcs 
representing the vertices in) C,, u Cz2 in order of their original appearance 
in A, and then the endpoints of C,, u CzI in reversed order of their 
appearance in A. In B, we place first the endpoints of Cl2 u C,, in reversed 
order of their appearance in B, then the endpoints of Cl1 u C,, in order of 
their original appearance in B. Finally, we make each arc representing a 
vertex in Ci (i= 1,2) pass through pi. For example, Fig. 3 shows the result 
of applying this transformation to the circular-arc representation of the 
graph in Fig. 2. 
It is a routine matter to verify that the new set of arc represents the old 
graph. I 
LEMMA 3. Let G’ be the result of a C,, C, reduction of G. If G irs a 
circular-arc graph, then G’ is a two-dimensional partial order. 
Proof: By Lemma 2, we can assume that we are given a circular-arc 
representation of G such that every vertex of C, goes through point pl, and 
every vertex of C, goes through point p2. If there is some pair of vertices x, 
y such that x contains y, but x’s arc does not contain y’s arc, “stretch” x’s 
arc to contain y’s arc as shown in Fig. 4. After this step is completed, if 
there is some pair of vertices x, y such that x and y meet on both sides, but 
X’S two endpoints are not both contained in y’s arc, stretch x’s arc so that 
FIGURE 3 
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FIG. 4. Left: stretching x to contain y; right: stretching x to meet 1; on both sides 
both endpoints are contained in y’s arc. By the definitions of containment 
and meeting on both sides, this wil never make any pair of arcs overlap 
unless the associated vertices are adjacent in G. 
Now consider the two orders formed by the endpoints of the arcs in the 
half-circles A and B. Any vertex in G’ appears once in each order. For two 
vertices x, y in C,, x comes before y in both orders if and only if x contains 
y. For two vertices X, y in C,, x comes before y in both orders if and only if 
x is contained in y. A vertex y in C, comes before a vertex x in C1 in both 
orders if and only if x and y are not adjacent, and x comes before y in both 
orders if and only if x meets y on both sides. Therefore, these two orders 
form a two-dimensional representation of G’. fl 
Theorem 1 follows immediately from Lemma 1 and Lemma 3. 
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